Abstract-This paper studies the statics and the instantaneous kinematics of a rigid body constrained by one to six contacts with a rigid static environment. These properties are analyzed under the frictionless assumption by modeling each contact with a kinematic chain that, instantaneously, is statically and kinematically equivalent to the contact and studying the resulting parallel chain using the Grassmann-Cayley algebra.
expressions for the intersection of subspaces to be obtained. By computing twist spaces of rigid bodies constrained by several contacts using this formula, we can ensure that their basis vectors coincide with some of the joint twists of the kinematic chains instantaneously equivalent to the contacts. This makes it easier to understand the results, simpler to specify the motion of the manipulated object and makes the updating of the model of the contacts after a motion of the manipulated object less complicated. Furthermore, this formula allows us to cope with the problems caused by floating point coordinate representations of sets of vectors in which small round off errors can change the dimension of the space they span.
Index Terms-Grassmann-Cayley algebra, instantaneous kinematics, rigid frictionless contact model, statics.
I. INTRODUCTION

C
OMPLIANT motion tasks are manipulation tasks that involve contacts between a rigid object manipulated by a robot, say , and a rigid static environment, say , in which the trajectory of the manipulator is modified depending on the contact forces arising in the interaction between and . In these applications, it is important to know at each configuration how constrains the motion of and the possible reaction forces that might arise in their interaction in order to appropriately choose the generalized velocities and forces to accomplish a given task.
In this paper, we shall study the kinestatics of a partially constrained rigid body, that is, the statics and instantaneous kinematics of a rigid object constrained by one to six contacts with a rigid static environment. In particular, the space of possible generalized velocities, or twists, of that keep all the established contacts with and the space of possible generalized forces, or wrenches, that can arise between them, at a given configuration, will be computed. They are called twist and wrench spaces, respectively.
The precision in the execution of a compliant task relies on the accuracy of the model but exact modeling of the motion constraints could be impractical. So, with the hypothesis of the absence of friction, we use a second-order local approximation of the boundaries of and that takes into account not only the tangent plane at the contact point but also the principal directions and the principal curvatures of the surface patches at that point, which are easily computable from both the parametric and implicit representations of the surfaces, as described in [1] and [2] . An exhaustive reference for second-order motion constraint modelling is [3] whereas the importance of this kind of approximation is clearly highlighted in [4] and [5] that report several cases in which first-order models are inadequate.
The second-order kinestatic properties of each contact between and have been modeled using a kinematic chain that, instantaneously, is statically and kinematically equivalent to the contact itself, following the method introduced in [6] , where the kinematic chains that represent contacts are called virtual contact manipulators. If each contact between and is translated into a kinematic chain, a parallel mechanism is obtained. From the static and instantaneous kinematic properties of this parallel chain those of in contact with can be easily derived. Indeed, the only difference between them is that the unilateral contact constraints are modeled as bilateral constraints in the kinematic chain.
In case of multiple contacts between and the problem of finding the twist and wrench spaces of the parallel composition of kinematic constraints arises. In this case, the wrench space of the parallel composition of kinematic constraints is the sum of the wrench spaces individually given by the constraints whereas its twist space is the intersection of the twist spaces of the composing constraints.
One of the most effective formalisms to study statics and instantaneous kinematics of kinematic chains is screw theory. Relevant references on screw theory are [7] , where a comprehensive study of the subject was presented for the first time and [8] and [9] , in which a modern treatment of screw theory is presented.
Nevertheless, screw theory does not have specific tools to compute sum and intersections of linear subspaces arising in serial and parallel composition of kinematic constraints and linear algebra-based techniques [10] must be employed. The relation between composing spaces and result is algorithmic and coordinate-dependent, since these algorithms work on the coordinate representation of the geometric objects involved in the computation. As a consequence, geometric information, essential to understand, for example, what type of screw system we are dealing with and the singular configurations of the equivalent kinematic chain, has to be recovered from the coordinate representation of the results and this is not straightforward.
Another issue is the problem caused by the floating-point representation of coordinates. It is not easy to implement linear algebra operations on a computer using a floating point representation due to the fact that small round off errors on the coordinates of a set of vectors can change the dimension of the space they span. To cope with these difficulties an approach based on studying vector subspaces using the singular value decomposition is in general followed. A threshold for the singular values establishes linear dependences between these vectors and allows us to understand if a vector belongs to the kernel or to the span of the set of vectors.
Kinestatics needs a mathematical framework in which twist and wrench spaces can be represented and operated. This mathematical representation should reflect the different nature of twists and wrenches and contain a representation of the reciprocity condition. Moreover, it should not rely on metric concepts, such as orthogonality, since in the vector space used to represent twists and wrenches there cannot be defined a natural metric [11] , [12] . It should also be invariant under a change of coordinate and incorporate tools to deal with numerical problems caused by floating point coordinate representation described above. Ideally, the coordinates should be removed and the kinestatic properties of the interaction between rigid bodies should be represented at the symbolic level.
These requirements motivated the development of the method for the analysis of rigid body interactions described in this paper in which the parallel mechanism resulting from modeling each contact as an instantaneously equivalent kinematic chain is analyzed using the Grassmann-Cayley algebra. It is followup to the work presented in [13] in which this algebra has been applied to the kinestatic analysis of robot manipulators.
The Grassmann-Cayley algebra provides a mathematical interpretation of all the concepts of screw theory. Twist and wrench spaces are represented by means of the concept of extensor of this algebra which also possesses two operators to compute their sums and intersections. In particular, a closed-form formula for the intersection operator, called meet, is available which permits closed-form expressions for the twist and wrench spaces of a rigid object making several contacts with a rigid static environment to be derived.
In the Grassmann-Cayley algebra, the reciprocity condition between twist and wrench spaced of partially constrained rigid bodies is reflected by its intrinsic duality, in which each subspace has a dual obtained by replacing vectors with hyperplanes, which become the basic descriptors. Because of this intrinsic duality the Grassmann-Cayley algebra is also called double algebra.
The notion of extensor allows us to work at the symbolic level and, therefore, to get coordinate-free symbolic expressions of twist and wrench spaces of a rigid object making several contacts with a rigid static environment represented as a weighted sum of subspaces. The advantage of this kind of expressions is that they are much closer to the way humans think about kinestatics.
Indeed, using elementary geometric notions such as incidence, colinearity, and coplanarity of the screw axes of the equivalent kinematic chain it is possible to classify the screw systems that characterize the equivalent kinematic chain at a given configuration and to study its singularities.
Nevertheless, it is possible to pass to coordinates at any moment since each extensor has a concrete counterpart, the Plücker coordinate vector, which represents the same subspace with coordinates. From the symbolic expressions, by calculating the weights, we can understand the relative contribution of the twist and wrench spaces of the individual contacts to the twist and wrench spaces of the moving object constrained by several contacts with the environment. In this way, we can cope with the above mentioned problems caused by the floating point coordinate representation.
Comprehensive references on the abstract properties of the Grassmann-Cayley algebra are [14] , [15] , and [16] whereas [17] - [19] and [20] emphasize the concrete approach to this algebra and report applications to robotics. In [9] , the connection between screw theory and Grassmann-Cayley algebra is described. In [21] , the representation of generalized forces and velocities using the exterior algebra, a subalgebra of the Grassmann-Cayley algebra, is introduced and this formalism is applied to the study of the statics of bar-and-joint frameworks and the instantaneous kinematics of articulated panel structures.
The Grassmann-Cayley algebra is briefly reviewed in Section II, whereas Section III describes the interpretation of screw theory in terms of this algebra. Section IV presents the adopted equivalent kinematic models of point contacts between and , and in Section V, the statics and instantaneous kinematics of their interaction is studied by means of the Grassmann-Cayley algebra. An example in which these concepts are applied to the study of the possible twists and admissible wrenches for a cylindrical object that makes three point contacts with the rim of a hole is presented in Section VII. Finally, Section VIII contains the conclusions.
II. GRASSMANN-CAYLEY ALGEBRA
In this section, following [17] the most relevant properties of the Grassmann-Cayley algebra will be described starting from the definition of the Plücker coordinates of vector subspaces of a given vector space and those of their duals, called dual Plücker coordinates. Here, the dual space of a vector space is a space in which hyperplanes replace vectors and become the basic descriptors. Then, the concept of extensor will be defined and employed to represent vector subspaces at the symbolic level. Finally, the operators of the Grassmann-Cayley algebra will be introduced to compute their sum and intersections.
The Grassmann-Cayley algebra is essentially the Grassmann algebra without the scalar product. It is used in the present work instead of the Grassmann algebra because in the spaces in which twists and wrenches are represented a natural metric, and derived concepts, such as the scalar product, cannot be defined [11] .
Let be a point in given in terms of Cartesian coordinates and let the vector be its representation with homogeneous coordinates. If we allow points with the last coordinate 0 to represent projective points at infinity, the standard -dimensional projective space that includes is obtained. So, with points at infinity is described by means of an -dimensional vector space .
A. Plücker Coordinates
Let be a basis of the -dimensional vector space and let be a -dimensional subspace of . By choosing the basis vectors of appropriately, we can always suppose that the basis of is formed by the first vectors of the basis of . When these vectors are arranged as rows of a matrix, we obtain The Plücker coordinate vector of the line passing through the points and , represented with homogeneous coordinates by the rows of is defined as (1) where , represents the moment of with respect to the origin, and is any point on . The vector is determined by up to a scalar multiple. The point at infinity on the line has homogeneous coordinates and can be thought of as infinitely far away in the direction given by .
The Plücker coordinate vector of a line at infinity determined by two distinct points at infinity, , and , represented with homogeneous coordinates by the rows of is (2) The Plücker coordinate vector of the plane , determined by three finite points , , and , whose homogeneous coordinates are the rows of is defined as (3) where is a normal vector to and is the position vector of any point on .
B. Dual Plücker Coordinates
Let be a -dimensional subspace of the -dimensional vector space and let be a basis of . Following [22, Vol. I, Book II, Ch. V, Sec. 3], the dual of the vector subspace can be constructed as follows. Consider the linear system of equations Since the associated matrix has rank , its solution space is a -dimensional vector space . Let be a basis of . We have the following relationships between the basis vectors of and (4) This equation, by means of which we can compute a basis of from the basis of up to a scalar multiple, expresses the pairing between and and should not be interpreted as an orthogonality condition. The vector spaces and are said to be dual spaces.
The dual Plücker coordinate vector of is defined as the vector that contains the Plücker coordinates of , called dual Plücker coordinates of , and the vector space in which the dual Plücker coordinate vectors of the -dimensional subspaces of are represented is denoted . Since the can be thought of as hyperplanes each containing , it follows that the same subspace can be regarded as the subspace spanned by the vectors or as the intersection of the hyperplanes . Similarly, if we replace vector with hyperplanes in , we obtain its dual, . A line in , for example, can be constructed in two ways as the join of two points or as the meet of two planes.
Since , the number of dual Plücker coordinates equals the number of Plücker coordinates, the only difference between them being their ordering and some sign changes. More precisely where is a nonzero scalar and a permutation of [22, Vol. I, Book II, Ch. V, Sec. 3]. For example, the difference between the Plücker coordinate vector and the dual Plücker coordinate vector of a line in is that they have the first three and the last three elements interchanged.
It is well known [22, Vol. I, Book II, Ch. VII, Sec. 2] that a basis change in a vector space defined by the matrix induces a basis change in its dual defined by the matrix . Since goes in the opposite direction as , the matrix defining the coordinate change in is actually . See [13] for the expressions of the matrices and that represent the basis change induced in the -dimensional vector spaces and , respectively, by a basis change in . It is of special interest to study the transformation that a Eu- where The matrix that represents the transformation induced by in is . As said before, since goes in the opposite direction as the transformation matrix in is actually .
C. Extensors
Let be an -dimensional vector space over the field , let be a -dimensional subspace of and let be a basis of it. Let be the Plücker coordinate vector of regarded as a vector of the abstract -dimensional vector space . In this case, the vector is called -extensor or decomposable -tensor and denoted
The subspace , also denoted , is defined as the support of and the scalar is called the step of the extensor. Two -extensors are equal up to a scalar multiple if, and only if, they have the same support. So, each subspace of a vector space has a coordinate representation by means of a Plücker coordinate vector and a symbolic one by means of an extensor, in which the Plücker coordinate vector is considered as an abstract entity without making reference to a specific coordinate system. On this abstract representation of subspaces this paper is based, since it permits symbolic computation with subspaces by means of two operators that will be defined in this section.
Elements of that are not -extensors are called indecomposable -tensors and can always be expressed as a linear combination of -extensors. The term antisymmetric -tensors refers to both decomposable and indecomposable -tensors while a tensor is a linear combination of -tensors of different step.
For example, if , that is, if represents with homogeneous coordinates, the support of a 2-extensor is the set of vectors in the homogeneous representation space that represents points on a line in . Likewise, the support of a 3-extensor is the set of vectors in that represents points on a plane in . In , vectors are the fundamental elements, lines are regarded as subspaces spanned by two vectors and planes as subspaces spanned by three vectors. Since the duals of vectors are planes, planes are the basic elements of , in which lines are regarded as the intersection of two planes and points as the intersection of three planes.
D. Operators
In this section, the operators of the Grassmann-Cayley algebra will be introduced and this algebra formally defined. 
This means that the join of two extensors corresponds to the sum of the associated vector subspaces. The join operator is anticommutative. If and are extensors of step and , respectively, then
We have defined the join of extensors but, since each tensor can be expressed as linear combination of extensors, the join of tensors can be reduced to the join of extensors by assuming distributivity of the join over the sum.
The vector space is closed under the addition but it is not closed under the join operation. If we combine the vector spaces , , used to represent the subspaces of , into another vector space defined as will be closed under both operations. In this expression, both and coincide with but it is convenient to distinguish between scalars of step zero and scalars of step . The elements of are all tensors, that is, arbitrary linear combinations of extensors of various step. We have that . The vector space with the join operation is known as the exterior algebra on . In the usual notation of the exterior algebra, the join operator is denoted " ." On the contrary, we will use this symbol to denote another operation that plays a similar role for the intersection of subspaces.
Let and be the above two extensors with . The meet of and is defined, as shown in the equation at the bottom of the page, where the brackets stand for determinants and the sum is taken over all the permutations of such that and . This formula, called the shuffle formula, is a very useful tool in practical applications. It can be proved that, if and and spans , then (6) This means that the meet of two extensors corresponds to the intersection of the associated vector subspaces.
The meet operator is anticommutative. If and are extensors of step and respectively, then . An important property is that and are dual operators. If we interchange and , we must interchange with . The Grassmann-Cayley algebra on is defined as the vector space with the operations and . These operations are both associative, distributive over addition, and anticommutative.
If we add the usual scalar product to this algebra, we obtain the Grassmann algebra.
It is useful to recall that the scalar product is a metric concept and, since kinestatics implies the study of spaces in which no natural metric exists, the use of the Grassmann algebra will be avoided and its subalgebra that does not contain any metric concept, the Grassmann-Cayley algebra, will be employed.
III. SCREW THEORY AND THE GRASSMANN-CAYLEY ALGEBRA
In this section, the interpretation of screw theory in terms of the Grassmann-Cayley algebra will be described.
Consider a rigid body moving with respect to an inertial reference frame. If and are finite projective points, a rotation of can be expressed by means of the extensor Indeed, for each point , distinct from and , the first three components of the Plücker coordinate vector (3) of the plane through , and , defined by the 3-extensor represent a vector normal to the plane, that can be regarded as the instantaneous linear velocity induced by the rotation at the point . Since and , the 2-extensor represents a rotation about the axis determined by and , called the axis of rotation, whereas the element of the corresponding Plücker coordinate vector (1) of can be regarded as the angular velocity of rotation. Since Plücker coordinate vectors are defined up to a scalar multiple, it is convenient to normalize it setting . A translation can be described as a rotation about an axis at infinity. Let and be two points at infinity, then a rotation about the axis at infinity represented by the extensor induces a translation at any finite point. In this case, the component of its Plücker coordinate vector (2) of , can be regarded as a translational velocity. Indeed, the expression of this velocity is independent of the point . Also in this case it is convenient to normalize this vector in such a way that . With a serial composition of a translation and a rotation a twist is obtained where and are, respectively, the linear and angular velocity of the point of the moving body that instantaneously coincides with the origin of the inertial reference frame. In general, a twist cannot be represented as a 2-extensor, that is, as the join of two projective points. Indeed, it is an indecomposable 2-tensor which, however, can always be expressed as the linear combination of 2-extensors. Furthermore, as stated by the Chasles' theorem, it can always be rewritten as a composition of a translation along an axis and a rotation about the same axis. The ratio between the coefficients of this linear combination represents the pitch of the screw associated with the twist. Instantaneously, the serial composition of twists corresponds to their simple addition.
A force applied at the point can be represented by the join of the two projective points and , that is, by the extensor We normalize it setting . If two forces, and , with , are applied to two distinct points and , the resultant is called a couple. Since is a point at infinity, a couple can be thought of as a force at infinity. We normalize the corresponding Plücker coordinate vector setting . In general, the composition of forces in space does not correspond to a single new force and cannot be expressed as the extensor of two projective points. Their resultant is a wrench , where and are, respectively, the force and the moment that must be applied at the origin of the inertial reference frame to balance a set of forces and moments acting on the rigid body. In general, a wrench is a indecomposable 2-tensor which can be expressed as the linear combination of 2-extensors. According to the Poinsot's theorem, a wrench can always be rewritten as a composition of a force along a line and a couple on the plane normal to the line. The ratio of the coefficients represents the pitch of the screw associated with the wrench. Instantaneously, the resultant of the parallel composition of wrenches corresponds to their simple addition.
Due to their different nature, twists will be represented using 2-extensors of , whereas wrenches will be represented by means of the 2-extensors of its dual space , that is, with the first three and the last three elements interchanged Let us consider a rigid body, say , partially constrained by several contacts with another rigid object, say . Let be the vector space of all possible instantaneous twists that can have with reference to and the vector space of all ideal reaction forces that can arise in the interaction between and . The instantaneous power generated by a twist against a wrench is given by . In the situation described above, the power generated by any instantaneous twist of against any wrench between and must be zero [12] , that is When this occurs, and are said to be reciprocal. This relation, called reciprocity, is nothing else but the expression of the pairing between the vector spaces and its dual . Thus, we can say that twist and wrench spaces of a rigid body partially constrained are dual spaces.
It is important to point out that the space in which twists and wrenches are distinct representations of the same vector space, which, under a change of coordinates, transform differently as described in Section II.
IV. KINEMATIC MODELS OF POINT CONTACTS
Suppose that the object and the environment are in contact at point and that their boundaries can be represented, in a neighborhood of this point, by two smooth surface patches and , respectively. Let be the tangent plane to both surfaces at . It is called the contact plane.
Consider the smooth surface patch of the environment . The directions of maximum and minimum curvature of at on are always orthogonal [1] and can be used to define a reference frame called the principal frame of at ( Fig. 1 ) in which the axis is directed along the direction of maximum curvature, the axis along the direction of minimum curvature, and the axis is directed inward. These axes are uniquely defined unless is an umbilical point, that is, a point in which the curvature is the same in all directions.
Likewise, the principal frame of the smooth surface patch at can be defined. Since it has been assumed that there is no friction between and , the contact can be kinestatically modeled by means of the kinematic chain represented in Fig. 2 that instantaneously preserves the contact and gives the same motion freedom as the physical contact. Such a motion can be thought of as the composition of a slip motion of , in which the contact point does not move with respect to , a rotation of that does not change the contact point with respect to both and and, finally, a slide motion of in which the contact point does not move over [6] . The slip motion can be modeled by two revolute joints, and , located at the centers of minimum and maximum curvature of at whose axes are parallel to the direction of maximum and minimum curvature of at the same point, respectively.
The rotation of can be modeled with a revolute joint whose axis is normal to plane , whereas the slide motion can be represented by means of two revolute joints, and , located at the centers of minimum and maximum curvature of the surface at the contact point and having axes parallel to the directions of maximum and minimum curvature of at , respectively. To model the resulting kinematic chain using the Grassmann-Cayley algebra, it is convenient to define first a reference frame, , called contact frame, located at the contact point and oriented in such a way that the homogeneous transformation matrices with respect to the principal frames and are and where and . The transformations induced on the space , in which twists are represented, are described by the matrices and The rotation axis of the revolute joint is the axis parallel to that passes through the point . The corresponding extensor, expressed in the reference frame is which, expressed in the reference frame becomes
The rotation axis of the revolute joint is the axis parallel to that passes through the point . The corresponding extensor, expressed in the reference frame is which, expressed in the reference frame corresponds to
The rotation axis of the revolute joint is the axis parallel to that passes through the point . The corresponding extensor is
The rotation axis of the revolute joint is an axis parallel to that passes through the point . The corresponding extensor, expressed in the reference frame , is which, expressed in the reference frame corresponds to
The rotation axis of the revolute joint of is an axis parallel to that passes through the point . The corresponding extensor, expressed in the reference frame , is which, expressed in the reference frame , corresponds to the extensor
A. Particularization of the Model
This general model of a surface-surface contact can be particularized to describe all the possible point contact types between free-form objects by taking the adequate limit values for the curvature radii of the surfaces in contact.
1) Planar Faces: If in the above contact model is set to , the revolute joint becomes a prismatic one with translation axis parallel to . Using the points at infinity and , the corresponding extensor, expressed in the frame is Likewise, if is also set to , becomes a translational joint and the corresponding extensor expressed in the frame is
These two extensors represent the slide motion of in the case in which the surface patch is planar.
2) Smooth Curves:
If only one radius of curvature of a surface of the above model is set to zero a smooth curve is obtained. In this case, the principal frame can be replaced by the Frenet frame represented in Fig. 3 , which can be uniquely defined at a point , with the axis tangent to the curve, the axis directed towards the center of the osculating circle at and the axis directed along the binormal direction. Thus, the presence of a smooth curve in contact with the surface patch can be kinematically modeled by a revolute joint placed at the center of the osculating circle whose axis is directed in the binormal direction serially connected to a revolute joint placed at the contact point having its axis directed along the tangent to the curve.
In this case, the contact plane must contain the axis of the Frenet frame, that is, the tangent vector to the smooth curve at the contact point. So, the homogeneous matrix that expresses the transformation between the contact frame and the Frenet frame depends on the two angles and represented in Fig. 4 .
3) Edges: If the curvature radius is set to infinity the smooth curve becomes a line. In this case, the Frenet frame is not uniquely defined. However, we can describe the effects of an edge in contact with the surface patch by means of a prismatic and a revolute joint serially connected whose axes are both directed along the edge.
4) Vertices:
If both curvature radii are set to zero the smooth curve is transformed into a vertex. The behavior of a vertex in a contact can be kinematically modeled by using three revolute joints having axes passing through the vertex.
Thus, the presented model is general enough to represent, for example, the edge-edge and vertex-face contacts arising when dealing with polyhedra. 
V. KINESTATIC ANALYSIS
From the results of Section III, it is easy to see that the kinestatic analysis of rigid body interactions can be carried out in the vector spaces and . Indeed, if the twist space of is the entire , it has full mobility, whereas, if its wrench space is the whole , it can apply any wrench to . In general, since the twist space is a subspace of and the wrench space is a subspace of , it is convenient to set and work in the Grassmann-Cayley algebra over this auxiliary vector space in which 2-extensors of become six-dimensional vectors.
It is well known [6] that the twist (wrench) space of the serial (parallel) combination of motion constraints is the sum of the twist (wrench) spaces of the composing constraints. Dually, the twist (wrench) space of the parallel (serial) combination of motion constraints is the intersection of the twist (wrench) spaces of the composing constraints.
These considerations can be reformulated in the language of the Grassmann-Cayley algebra. From properties (5) and (6) of the join and meet operators, it follows that the twist (wrench) space of the serial (parallel) combination of motion constraints is the support of the join of the extensors that represent the twist (wrench) spaces of the composing constraints, provided that their twist (wrench) extensors are linearly independent. Dually, the twist (wrench) space of the parallel (serial) combination of motion constraints is the support of the meet of the extensors that represent the twist (wrench) spaces of the composing constraints, provided that the sum of the composing twist (wrench) spaces spans ( ). These considerations will be applied to the study of the kinematic chains that instantaneously are equivalent to the contact between and .
When makes several contacts with , which will be supposed to be surface-surface contacts, an instantaneously equivalent kinematic chain for each contact must be introduced whose joint extensors must be referred to the same reference frame. In this paragraph, the explicit reference to this frame will be omitted. Then, the resulting parallel mechanism can be analyzed using the Grassmann-Cayley algebra.
Consider the kinematic chain instantaneously equivalent to the contact at point . If its joint extensors , , ,
, and are linearly independent, the twist space of the chain is the support of the 5 The twist space of constrained to keep all the established contacts with coincides with that of the end effector of the parallel equivalent kinematic chain instantaneously equivalent to all the contacts. It is the support of the extensor , that is
Since the contacts between and , which are unilateral constraints, are modelled as bilateral, the twists that break one or more contacts are not included in the solution.
The wrench space of the end effector of the instantaneously equivalent kinematic chain is the support of , that is, the following subspace:
in which are vectors of that represent pure forces in the direction orthogonal to the contact planes. Since the unilateral constraints are modeled as bilateral, this space also includes forces that break the contacts. Therefore, the space of possible reaction wrenches between and is, actually, a subspace of obtained by linear combination, with positive coefficients, of the forces at the contact points oriented in the direction compatible with the contact. It is important to point out that the twist space can also be computed as follows: (8) that is, as the support of the dual of the extensor which is the join of the vectors of . Computing the intersection of subspaces using (8) instead of (7), although apparently simpler since the shuffle formula for the meet is not involved, does not represent an advantage in practical applications for the following reasons. In general, we cannot expect that the basis vectors of found with (8) coincide with the joint extensors of the kinematic chains instantaneously equivalent to the contacts. This makes it more difficult to understand the results, harder to specify the motion of and makes the updating of the model of the contacts between and after the motion more complex. Furthermore, (8) does not allow us to cope with the problems caused by floating point coordinate representations of sets of vectors in which small round off errors can change the dimension of the space they span.
In the shuffle formula for the meet, the extensor whose support is the twist space resulting from the parallel composition of motion constraints is expressed as a linear combination of extensors whose supports are the twist spaces of the composing constraints. From the coefficients, we can understand the relative importance of each component. For one single contact its instantaneously equivalent kinematic chain is a serial chain. The dimension of its twist space is five and the desired velocity of can be specified by assigning the desired angular velocities at the joints of the chain. In general, the instantaneously equivalent kinematic chain is a parallel kinematic chain whose twist space has dimension less than five. This means that its joints cannot be driven independently. To specify the velocity of , we have to choose a number of joints equal to the dimension of the twist space and use them to express the desired velocity of . However, the expression of the twist space of the instantaneously equivalent parallel kinematic chain in terms of a subset of the set of joints can be easily obtained with the shuffle formula for the meet by interchanging the order of the operands in the meet of the composing twist spaces and applying anticommutativity. Furthermore, it gives closed form expressions of the twist space resulting from the parallel composition of motion constraints in terms of the twist spaces of the composing constraints.
VI. VALIDITY OF THE MODEL
Consider the situation in which makes contacts with the environment . In general, the twist space of has dimension and its wrench space has dimension . Since the parallel equivalent kinematic chain has a twist space of dimension , we can choose basis vectors that span the twist space. It is convenient that these twists coincide with joint extensors. In this way, any admissible twist (i.e., belonging to the twist space) will be expressed in terms of the velocities at the these joints of the chain called driving joints.
Likewise, since the wrench space has dimension , we can choose independent basis wrenches to represent it. It is convenient to use as basis vectors the wrenches that represent pure forces at the contact points in the direction orthogonal to the contact planes. In this way, any admissible wrench (i.e., belonging to the wrench space) will be expressed in terms of the pure forces at the contact points.
In the above description of the contacts two systems of screws arise. They are the screw system that describes the twist space of the parallel mechanism instantaneously equivalent to the contacts and the screw system that describes the wrench space. In all nonsingular configurations, the method described above is valid and we have If the screws that describe the twist space during the motion of in contact with become linearly dependent the dimension of the twist space decreases. As a consequence the dimension of the wrench space increases. Likewise, if during the motion in contact the screws that describe the wrench space become linearly dependent its dimension decreases and as a consequence the dimension of the twist space increases.
In both cases there is a singularity in the kinematic chain instantaneously equivalent to the contact situation and the model is not valid anymore. In the first case there exist input velocities that do not produce output and in the second case there is an incontrollable motion of the kinematic chain.
We said before that the kinematic chain instantaneously equivalent to the contacts between and is passive but we have to choose some driving joints to specify the motion in contact. Therefore, it can be regarded as a general parallel kinematic chain with passive and active joints whose velocities are the input of the chain. The output of the chain is the velocity of the object .
The study of the singularities of a parallel kinematic chain involves both forward and inverse instantaneous kinematics of the chain and consideration of driving joints and passive joints [24] - [27] . For example the first of the above mentioned singularities is called a singular configuration of redundant input in which there exist a nonzero input and a vector of passive joint velocities that satisfy the closure equation of the chain with zero output. The second of the above mentioned singularities is called a singularity of increased instantaneous mobility in which both the forward and the inverse kinematics are singular.
However, there exist singularities that cannot be detected studying the input-output relation of the kinematic chain such as the singularity of passive motions in which there exists a nonzero passive joint velocity vector that satisfies the velocity closure equation for a zero input and a zero output.
It is important to remark that some singularities can be eliminated by choosing a different set of driving joints.
In [28] , the Grassmann-Cayley algebra has been applied to study the singularities of some classes of parallel robot manipulators. The concept of superbracket [29] has been employed to find algebraic and geometric conditions for the matrix whose columns are the basis vectors of to be rank deficient. Geometric conditions are expressed in terms of simple geometric relations such as parallelism, coincidence, and coplanarity of screw axes.
VII. CASE STUDY
Consider the contact situation in which the moving object is represented by a cylindrical peg that makes three point contacts with the rim of a hole of the static environment in which it must be inserted.
Suppose that the peg is very misaligned with respect to the hole as represented in Fig. 5 . This contact situation is convenient during the approach because it is more stable and can be obtained more reliably than the contact situation in which the peg and the hole axes are almost aligned.
Due to the relevant misalignment, the insertion task cannot start from this configuration of the peg. It must be aligned first and if one wants to maintain all the established contacts during the alignment, the instantaneous rotation axis of the peg must change during the motion. Moreover, to ensure that all the contacts are kept, the manipulator must apply to the rim of the hole during the alignment a force compatible with the contact configuration. This force must also change during the motion. So, at any contact configuration one needs to know the space of twists of the peg that keep all the contacts with the rim of the hole and the space of wrenches that are applicable to the rim if the hole.
In this section, the twist and wrench spaces of with respect to will be computed using the Grassmann-Cayley algebra for a generic misalignment angle , defined as the angle between the axes of the reference frames and attached to the peg and the hole, respectively. The angle is the only configuration variable of with respect to .
Supposing, for simplicity, that the radii of both the peg and the hole are equal to 1, the homogeneous transformation matrix that describes, for a misalignment angle , the displacement of with respect to , in which all the established contacts are kept, is with , , and . The transformation induced in the space is expressed by the following matrix:
A. Kinematic Models of the Contacts
In this section, the model of the kinematic chain kinestatically equivalent to the contact between the peg and the hole will be derived, using the concept of extensor of the Grassmann-Cayley algebra.
1) Curve-Curve Contacts:
The contact at the point is a curve-curve contact between the rim of the hole, represented by the curve , and the rim of the peg represented by the curve . It can be described by means of the kinestatically equivalent kinematic chain represented in Fig. 5 in which the axis of the revolute joint coincides with the axis . Then, the corresponding extensors is
The axis of the revolute joint has direction tangent to the rim of the hole at the contact point which is represented by the vector . Therefore
The axis of the revolute joint has direction orthogonal to the plane containing the axes of and . Taking the cross product of the vectors that express these two directions, we have that the direction of is that of the vector , and thus
The axis of the revolute joint passes through the point and has the direction of the vector . The corresponding extensor, expressed in the reference frame is which, expressed in the reference frame becomes
The axis of the revolute joint coincides with the axis , then the corresponding extensor, expressed in the reference frame is which, expressed in the reference frame , becomes
In a very similar way, taking advantage of the symmetry of the two kinematic chains equivalent to the curve-curve contacts at the points and , and omitting the explicit reference to the reference frame , with respect to which all of them are expressed, we obtain the following extensors:
2) Surface-Curve Contact: The kinematic chain instantaneously equivalent to the surface-curve contact at the point , between the lateral surface of the cylindrical peg,
, and the rim of the hole, represented by the curve , is represented in Fig. 6 . It is composed by three revolute and one cylindrical joints. The extensors of the three revolute joint are
The cylindrical joint is composed by the translational joint and the revolute joint both having the axis coincident with . The corresponding extensors expressed in the reference frame are which expressed in the reference frame become
B. Kinestatic Analysis
We have seen in Section III that the twist space of the parallel mechanism is the support of . The meet operator is associative, thus we can compute first the meet between and and then the meet of with . The shuffle formula gives
The extensor describes the twist space that the moving object would have if it were constrained only by the curvecurve contacts the points and . The twist space is expressed as a function of the joint extensors of the kinematic chain equivalent to contact at . It is the sum of five 4-D subspaces. The contribution of each subspace to the twist space of is weighted by the value of the corresponding determinant, which depends on both the configurations of the kinematic chains equivalent to the contacts at and . In the present case, all these determinants are univariate functions of the configuration variable . Since both and are 5-extensors, we have that . Therefore, the expression of the same twist space as a function of the extensors of the kinematic chain equivalent to the contact at can be obtained simply reversing the order of the operands and changing the sign of the result. This flexibility is useful in practical applications since it permits us to express and as a function of the control variables. By inspection, using basic notions of line geometry, we can see that the determinants of the first, third, and fifth terms of this expression are zero since the joint extensors and , , and coincide whereas , , , and meet at the same point and, therefore, are linearly dependent [30, Ch. 12] . Thus, setting we obtain where and are, respectively, the determinants of the second and fourth terms. Since the meet operation is distributive over addition, we can write where Since and coincide, as well as and , the first and the fourth terms of this expression are zero and, therefore Likewise Finally This expression can be rewritten as follows:
Without using coordinates of the join extensors, we can infer from this expression that the twist space of is a 3-D subspace generated by the joint extensors , and a linear combination of the joint extensors , and , that is (9) This implies that can rotate about the axes and at arbitrary velocity, as expected, while the velocities at the joints , , and are related by (9) . The space of possible wrenches between and is a subspace of the support of the 3-extensor . Since , , and are 5-extensors, their duals will be vectors, namely which represent pure forces at the contact points in the direction orthogonal to the contact planes.
For a misalignment angle , we have so that
The twist space of at this configuration is the space spanned by
The space of wrenches that can arise in the interaction between and at this configuration is the space obtained by linear combination with positive coefficients of the following vectors:
VIII. CONCLUSION In this paper, a novel framework for the kinestatic analysis of rigid body interactions based on the Grassmann-Cayley algebra has been presented.
This analysis is carried out under the frictionless assumption by means of the kinestatic properties of the parallel mechanism resulting from modeling each contact constraint by means of its instantaneously equivalent serial kinematic chain.
It has been shown that the structure of this algebra fits perfectly to the kinestatic analysis of rigid body interactions. It provides a complete interpretation of screw theory, in which twist and wrench space are mathematically represented by the concept of extensor and the reciprocity condition between twist and wrench spaces of partially constrained rigid bodies is reflected by the intrinsic duality of the Grassmann-Cayley algebra. Moreover, its join and meet operators are useful tools to compute sum and intersection of twist and wrench spaces in serial and parallel compositions of kinematic constraints.
Of special interest is the existence of an explicit formula for the meet operator which permits coordinate-free, closed-form expressions for the twist and wrench spaces to be derived.
